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A B S T R A C T

Martensite is the result of a diffusionless displacive phase transition. In Fe-based alloys it transforms the FCC to 
the BCC, BCT, or HCP structures and occurs at high strain rates. It has two typical morphologies, known as lath 
and plate. A quantitative constitutive description of the slip-twinning transition in the martensitic transformation 
is presented. It is based on the temperature and strain-rate sensitivities of slip, which are much higher than those 
for twinning. Thus, twinning becomes a favored deformation mechanism at low temperatures and high strain 
rates. The Hall-Petch coefficient, for the inclusion of grain size effects, is two times larger for twinning than slip. 
Constitutive relationships for slip and twinning are presented and applied to the martensitic transformation in 
steels; the lath-to-plate morphology change observed with increasing carbon content is successfully predicted as 
a function of grain size by calculations incorporating the two modes of deformation. A simple calculation of the 
strain rates during martensitic transformation is also provided. This methodology is applied to the Fe–C system 
and can be extended to the Fe–Ni–C system and to thermoelastic martensites, where twinning is favored over slip 
to enhance reversibility.

1. Introduction

Ulrich Frederick Kocks contributed to the fabric of materials science 
in a significant way, His career and major impact in the field are 
described in detail by Ashby [1], in this Special Issue. His first important 
contribution was a statistical theory of the flow stress and work hard-
ening [2]. He dedicated great effort to the effect of solid solutions on 
hardening and studied the manner by which foreign atoms interact with 
crystal defects. Later, he considered more complex slip mechanisms and, 
specifically, strain aging [3]. His most famous contribution, addressing 
the thermodynamics and kinetics of slip, was co-authored by Michael 
Ashby and Ali Argon [4]. Later, at Los Alamos National Laboratory, he 
developed, with Paul Follansbee, a constitutive description of work 
hardening, applied to copper, based on the use of a mechanical threshold 
stress as an internal state variable [5]. This became the basis for the 
Mechanical Threshold Stress (MTS) model of temperature and 
strain-rate-dependent work hardening, also referred to as the 
Kocks-Mecking model. Our group had the occasion to apply the Kocks 
model incorporating dislocation generation and annihilation to 
tantalum, with excellent results [6].

It is well known that slip and twinning are competing deformation 

mechanisms. The competition between these mechanisms has been 
modeled by Meyers et al. [7], among others. Fig. 1 shows, in schematic 
fashion, how the temperature and strain rate dependence of these two 
mechanisms determines the resulting microstructure. The temperature 
and strain rate dependence of slip are much higher than those for 
twinning. The latter is, in a simplified manner, assumed to be constant. 
Thus, a lower temperature and higher strain rate favor twinning. Such a 
situation also takes place in martensitic transformation. This plot, 
although qualitative, provides deep insight into the mechanical response 
of metals and alloys, which can deform by slip, twinning, or martensitic 
transformations.

Thomas [8,9] showed that the transition from one mechanism to the 
other profoundly affects the mechanical properties of martensitic steels. 
Martensitic transformations are displacive, virtually diffusionless 
transformations with the thermodynamics and kinetics governed by the 
transformation strains.

Continuing the work of Thomas, Schneider et al. [9] applied 
constitutive equations for slip and twinning and obtained successfully 
the prediction of the slip-twinning transition. This is the foundation for 
the contribution presented here.

Wang and Sehitoglu [10] performed a theoretical energetic, rather 
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than stress-based analysis and demonstrated that the stress for 
martensitic transformation in NiTi increases significantly with Hf ad-
ditions. The difference between the stress for slip and the stress for 
twinning also increases, favoring the latter. This has an important 
bearing on the reversibility of the transformation, a requirement for the 
shape-memory effect.

In steels, the martensitic structure undergoes a drastic morphological 
transition as the carbon content reaches the 0.6–1.0 wt percent region. 
The current nomenclature is lath and plate, where the basic difference 
resides in the deformation mode: slipped (lath) and twinned (plate) 
martensite. Fig. 2 shows the change in Ms as well as the two modes as a 
function of increasing carbon content [11]. In Fe–Ni alloys, the same 
phenomenon takes place.

Here, we review a framework for the quantitative description of the 
transition from lath to plate martensite and apply it to the Fe–C system. 
The framework presented here, based on constitutive equations for slip 
and twinning, can be applied to Fe–Ni–C and thermoelastic martensites, 
such as in the Ni–Ti system.

The morphologies of lenticular (lath) dislocated and twinned mar-
tensites are shown in Fig. 3a for an Fe–30%Ni alloy; Fig. 3b for Fe-22.5 
wt%Ni-4 wt% Mn; notice slipped martensite with midrib (Chang and 
Meyers [12]) and Fig. 3c for a Fe-32 wt%Ni-0.035 wt%C alloy. Notice 
the formation of twins along the midrib and slip on the outside in Fig. 3c 
from Thadhani [13] and Thadhani and Meyers [14]. Tamura et al. [15] 
also observed the different mechanisms of plastic deformation inside the 
lenses, which he classified into Shiebung (for slip) and Umklapp (for 
twinning). His observations consistently indicate, for the same alloy, 
that the width of the twinned region increases with decreasing 
temperature.

Fig. 4 shows a schematic representation of slipped, twinned, and 
mixed martensite.

2. Constitutive description

The calculations require constitutive equations for slip and twinning 
that have the appropriate temperature and strain rate dependencies. 
These equations were implemented by Meyers et al. [6] into a 
slip-twinning transition criterion and will only be briefly described 
herein by considering slip and twinning as completing mechanisms and 
equating the appropriate constitutive equations for obtaining the critical 
condition: 

σT = σS (1) 

where σS and σT are the slip and twinning stresses, respectively.

2.1. Constitutive equation for slip

There are numerous equations that successfully incorporate the 
strain, strain rate, and temperature effects and predict the mechanical 
response over a broad range of external parameters. Out of many 
constitutive equations that can be used, including the MTS developed at 
LANL by Follansbee and Kocks [5], we chose the Zerilli-Armstrong 
constitutive equation to represent the temperature and strain-rate de-
pendences of the yield stress due to its physical basis and simplicity. The 
MTS constitutive equation is based on the mechanical threshold stress, 
which is the extrapolated flow stress at absolute zero temperature (in the 
absence of thermal activation). Its implementation is more complex.

The Zerilli-Armstrong equation is modified to incorporate the solid 
solution hardening effects induced by carbon addition. There are three 
different forms of the Z-A equation applicable to FCC, HCP, and BCC 
metals. The barrier sizes are quite different: forest dislocations are 
considered the primary barriers for FCC materials, whereas the Peierls- 
Nabarro stress is the principal obstacle for BCC materials at low tem-
peratures. The MTS model considers separate shapes of barriers, 
described by the exponents p and q. It also incorporates the strain-rate 
dependence of work hardening. This makes the treatment quite com-
plex, and the Z-A constitutive equation presents a more straightforward, 
but physically correct description.

The BCC structure has a considerably higher strain rate and tem-
perature sensitivities than the FCC structure, which warrants a separate 
equation. When iron-based alloys undergo the martensitic trans-
formation, the FCC structure transforms to BCC or BCT. This newly 
created structure has to undergo a complex deformation to accommo-
date the Bain and lattice invariant strains. The Zerilli-Armstrong equa-
tion for the BCC structure has the form: 

σ = Cs × exp[T( − Ct + Crln ˙(ε) ) ] + ChεCn + σg + σcs (2) 

The variables are strain, ε, strain rate, ε̇ , and temperature, T. The co-
efficients CS,Ct ,Cr,Ch, and Cn are experimentally obtained parameters. 
They are available in the literature and their physical meanings, and 
values chosen for pure iron [16] are given in Table 1.

The terms σg and σcs represent the athermal components of stress, 
which have minimal strain rate and temperature dependence. σg rep-

Fig. 1. Variation of the stress for slip and twinning as a function of temperature 
at two strain rates. The operating deformation mechanism is assumed to be the 
one that requires less stress. The slip to twinning transition is dependent on 
strain rate. The composition variations are expected to affect the slip-twin cross- 
over, as suggested by the arrows.

Fig. 2. Variation of Ms temperature with carbon content, notice the transition 
from lath (slipped) to plate (twinned) morphology (Adapted from Marder and 
Kraus [18]).
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resents the grain-size dependence and is represented by the Hall-Petch 
relationship: 

σg = ksd− 1/2 (3) 

where ks for low-carbon steels is found to vary between 15 and 18 MPa/ 
mm½ [17]. An average value of 16.5 MPa/mm1/2 is used in the calcu-
lations. The value matches well with experimental data by Marder and 
Krauss [18]. σcs represents the contribution to strength due to the 
presence of solute atoms (in this case, carbon). It is observed that the 
flow stress at large concentrations of solute varies with the square root of 
carbon content [19]: 

σcs = kSC(CC)
ns (4) 

ns is often given as 0.5 and for this case, kSC is 450 MPa. For lower 
concentrations, Pickering and Gladman [20] use a linear fit to describe 
the solid solution hardening effect of carbon in austenite with a coeffi-
cient of 324 MPa/wt.% carbon. This term was introduced into the ZA 
equation for BCC metals as separate from the strain term for simplicity. 
It can be argued that solute hardening increases with strain, but this 
dependence’s form is unknown. Thus, a simple additive term is used 
here.

Fig. 3. Slipped, slip-twinned, and twinned martensite lenses; (a) Fe-30 wt% Ni alloy; notice slipped and twinned lenses (courtesy of J. R. C. Guimarães); (b) Fe-22.5 
wt%Ni-4 wt%Mn; notice slipped martensite with midrib (Chang and Meyers [12]); (c) Fe-32 wt%Ni-0.035 wt%C Notice the formation of twins along the midrib and 
slip on the outside (Thadhani and Meyers [14]).

Fig. 4. Schematic representation of three structures of martensite: fully twin-
ned, mixed, and slipped martensite with a midrib; this midrib has been shown 
to be a thin twinned ribbon by transmission electron microscopy (Tamura et al. 
[15]; Thadhani and Meyers [14]; Chang and Meyers [12]).

Table 1 
Parameters of Zerilli-Armstrong equation.

Z-A Parameter Symbol Value

Stress constant Cs 1033 MPa
Thermal softening exponent Ct 0.00698
Strain rate constant Cr 0.000415
Strain hardening constant Ch 266 MPa
Strain hardening exponent Cn 0.289
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Fig. 5 shows the predicted stress-strain curves for different (a) grain 
sizes; (b) carbon contents; (c) strain rates; and (d) temperatures.

2.2. Constitutive equation for twinning

In the current calculations, the twinning stress is assumed to be 
relatively independent of strain, temperature, and strain rate, in contrast 
to slip processes. Therefore, no work-hardening effects are taken into 
account. Nevertheless, the grain-size dependence is much larger than for 
slip. Indeed, kT values are 2–4 times greater than kS values. Fig. 6 shows 
the Hall-Petch plots for twinning. The following equation is used, to 
which the strengthening effect due to solid solution is incorporated: 

σT = σO + σcT + kT d− 1/2 (5) 

Armstrong and Worthington [21] report for Fe–3%Si: kT = 66.3 
MPa/mm1/2. For low-carbon iron, McRickard and Chow [22] and Magee 
et al. [23] report values of 45.5 MPa/mm1/2. This latter value is used 
here. The strengthening effect due to solute carbon atoms, also has to be 
inserted into Eqn. (5). Fig. 7 shows experimental results by Magee et al. 
[23] for Fe-4.8 at% Sn-X% C, where the carbon content varies from 
0.019 to 0.089 at% C. Magee et al. [19] used a linear fit expressed as: 

σcT =368 + 1040at%C (6) 

Fig. 5. Calculated stress-strain curves (assuming slip) for different: (a) grain sizes; (b) strain rates; (c) carbon contents (d = 100 μ m; strain rate = 104 s− 1); (d) 
temperatures above MS.

Fig. 6. Effect of grain size, d, on the twinning stress for steel, Fe–C, and 
Fe–Si alloys.
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This was replaced in the present calculations by a power fit: 

σcT = kTC(CC)
nT (7) 

where kTC is equal to 662 MPa and nT is equal to 0.158. The linear 
equation which agrees with the theories of Cottrell [24] and Bilby [25]. 
This equation has the form: 

σ(MPa)=368 + 1040 at% C (8) 

However, we kept the power expression in order to retain the same 
calculations.

The twinning stresses are extrapolated from Fig. 6 for higher con-
centrations of carbon. Fig. 7 shows the predicted stress-strain curves for 
different (a) grain size and (b) carbon contents.

2.3. Martensitic strains and strain rates

Fig. 8b shows, in a schematic fashion, the growth of the martensite 
lens. The material within the expanding lens is subjected to Bain and 
lattice invariant strains in Fig. 8 a. There is an undistorted and unrotated 
plane, which is indicated by a red line. It is known as the habit plane. 
There are essentially two crystallographic relations and orientations of 
the habit plane of lenticular martensite: Depending on the crystallog-
raphy, Kurdjumov-Sachs [26] or Nishiyama-Wasserman [27] orienta-
tions are observed, with habit planes of (225) and (259), respectively. It 
is assumed, for the Fe–Ni and Fe–C alloys, that the nucleation is classic 
and follows the Olson-Cohen [28] mechanism. So, no lattice softening, 
that would change the morphology during the early stages of growth, is 
considered.

During martensitic transformation, the strain rate can be approxi-
mated by: 

γ̇ =
γ
t
≈

γν
D

(7) 

where ν is the growth velocity for the martensite lens, γ is the trans-
formation strain (γ = 0.2)‵and D is the grain diameter. In Fig. 8b, two 
growth directions are indicated: longitudinal and transverse growth.

Meyers [29] has analyzed the two modes and discusses the two 

Fig. 7. Effect of interstitial carbon on the compressive flow stress of iron- 
carbon alloys (Fe-4.8 at% Sn-x% C, where the carbon content varies from 
0.019 to 0.089 at%C) deformed by twinning; the data for the carbonless alloy is 
taken (Adapted from Magee et al. [23]).

Fig. 8. (a) Three components of martensitic transformation: dilatation in transformation; transformation of sphere into ellipsoid; rotation. (b) Schematic repre-
sentation of growth of martensite lens with longitudinal (Vl) and transverse (Vt) growth velocities. Notice that the midrib corresponds to habit plane in (a).
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velocities. The longitudinal growth velocity has been measured by 
Bunshah and Mehl [30] for Fe–Ni–C alloys; it was found to be equal to 
1000 m/s. Schoen and Owen [31] measured the lateral growth velocity 
for Fe–10%Ni–C alloys with carbon contents between 0 and 0.010. the 
values varied from 0.01 to 1 m/s. Considering a range of velocities of 
1–1000 m/s, one obtains a range of strain rates: 

γ̇ =
0.20 × ν

D
≈

1
D

(0.2 →200) (8) 

For a grain size of 100 μm (a reasonable value for Fe alloys), one 
obtains the following range of strain rates: γ̇ = 2x103 →  2x106 s− 1

In the calculations conducted and reported herein, a strain rate of 
103 s− 1 was assumed. It is interesting to notice that the strain rate along 
the mid-rib (region subjected to longitudinal growth) is much higher. It 
is also observed that this region is more prone to twinning. Often, one 
observes martensite lenses with twinning along the mid-rib and dislo-
cations in the lateral growth regions.

The slip-twinning transition has to be determined at the shear strain 
inside the martensite lens. The flow stress by slip increases with strain, 
whereas the twinning stress is assumed to be constant. Calculations were 
conducted for two-grain sizes: 10 and 100 μ m. The results of the com-
putations are shown in Fig. 9. The curves indicate the shear strains at 
which the slip nd twinning stresses are equal as a function of carbon 
content. Since the shear strain required by the transformation is equal to 
0.256, martensite is slipped if this strain at equality is above this value. 
Conversely, if the shear strain is smaller than 0.256, twinning is favored. 
For the 100 μ m grain size, the predicted transition from dislocated to 
twinned martensite is in good agreement with the observed results: 0.43 
wt% C. As the grain size decreases, the transition carbon content in-
creases to 0.84 wt% C.

3. Conclusions

• The slip-twinning transition criterion postulated by Thomas [8,9] 
and quantified by Meyers et al. [7] is applied to the martensitic 
transformation. This constitutive description applies to the change in 
morphology from lath to plate and within the plates themselves and 
is therefore of a general nature.

• It is based on the assumption that slip and twinning are competing 
plastic deformation mechanisms and that the one requiring least 

stress under the imposed conditions of temperature, strain rate, and 
internal parameters dictates the nature of the process during the 
transformation.

• The constitutive response by slip is described here by the Zerilli- 
Armstrong equation with the addition of grain size and interstitial 
strengthening terms. A simple non-work hardening twinning equa-
tion, also incorporating grain size and carbon concentration terms, is 
used. The slip-twinning transition is obtained by making σs = σt

• The model predicts change from lath (slipped) to plate (slip and/or 
twinned) martensite in the Fe–C system as carbon content exceeds 
0.43 wt%, at a grain size of 100 μm. This agrees with the experi-
ments. It is interesting to notice that the predicted change in lath-to- 
plate morphology is dependent on the austenitic grain size.

• This constitutive competition between two deformation mechanisms 
can be applied to the Fe–Ni–C and thermoelastic Ni–Ti systems and 
can predict the regimes of reversibility, since slip is essentially irre-
versible whereas twinning can be reversed through the motion of 
glissile interfaces. Many important parameters, such as strain rate 
and strain state, affect the kinetics of martensitic transformation and 
its morphology, but they can be rationalized in terms of the proposed 
constitutive model (Murr et al. [32]; Staudhammer et al. [33]).
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